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Abstract:

This short and concise note provides a detailed exposition of the approach
and results established by (Lin et al, 2015, pp.271-279). We show that the
obtained results are not particularly surprising and new. Namely, using an
old result due to K. Deimling it is indicated that tvs-cone metric spaces over
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solid cones are actually cone metric spaces over normal solid cones.
Hence, there are only cone metric spaces over normal solid cones or over
normal non-solid cones. One question still unanswered is whether an
ordered topological vector space with a non-normal non-solid cone exists.

Key words: tvs-cone metric space, metrizable, solid, normal, non-normal.

Introduction, preliminaries and results

We will denote by E a topological vector space with the zero vector
6 . Asubset C of E iscalled aconein E if and only if:

(a) Cis nonempty and closed in E,

(b) x,yeC and a,b € R"imply ax+by e C,

(¢) x,—xeC implies x = 0.

For more details we refer the reader to (Ansari et al, 2016),
(Deimling, 1985), (Filipovi¢ et al, 2011), (Jankovic¢ et al, 2011), (Kothe,
1969), (Shaefer, 1971) and (Wong & Ng, 1973).

For a given cone C, a partial ordering < with respect to C is
introduced in the following way: x<y if and only ify—x e C. We write
x<y toindicate that x<y,but x# y.If y—xeintC, we write x <<y . It
is clear that < and << are not relations of partial order.

The pair (E, C) is called an ordered topological vector space.
Throughout the paper, C stands for a solid cone, i.e. intC #¢. In most

papers it turns out that this assumption is essential (Amini-Harandi &
Fakhar, 2010), (Cakalli et al, 2012), (Du, 2010), (Proinov, 2013), (Khani &
Pourmahdian, 2011), (Lin et al, 2015), (Simi¢, 2011), (Vandergraft, 1967)
and (Zabrejko, 1997).

The following result from (Wong & Ng, 1973) is important in the
framework of ordered topological vector spaces.

Proposition 1.1. Let (E,C) be an ordered topological vector space.

Then e is an interior point of C, i.e., e €intC,if and only if
[—e,e]= {x eF:—e<x< e}:(e—C)m(C—e)
is the neighborhood of 6.
Under the assumption £ # {9}, we have the following corollary.

Corollary 1.2. Let (E,C) be an ordered topological vector space
with intC # ¢@. Then
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(@) @gintC,
(b) AintC=intC if A >0 and C+intC=intC,
(c) (E,C) is Hausdorff ordered topological vector space.

Let us note that the property (c) is an immediate consequence of
Theorem 2.1 (2) from (Jachymski & Klima, 2016).

For each c €intC there exists a norm || on the vector space E

where ||||C is the Minkowski functional on E=F_ = k{vn[—c,c], i.e.,

||x||c =inf{A>0:xe A[-c,c]}
It is obvious that all norms ||||L c € intC, are equivalent. Further,

we get that (E, :

cone C. For more details see (Deimling, 1985, pp.230, Proposition 19.9).
Therefore, int C under the topology on E is a subset of intC under the

norm topology, i.e.,(intC)E g(intC) However, the converse is also
valid. Hence, (int C), = (int C)H-Hc‘

From what has already been proved, it is clear that the notion of tvs-
cone metric space in the sense of Du, see (Du, 2010), is the same as that
of (Lin et al, 2015, Definition 2.3).

According to (Deimling, 1985) and (Kadelburg et al, 2016), we are
thus led to the following strengthening conclusions.

Proposition 1.3. Each tvs-cone metric space over a solid cone in the
sense of the both definitions (Du, 2010) and (Lin et al, 2015) is in fact a
cone metric space over a normal solid cone. Therefore, the well known
results, (Amini-Harandi & Fakhar, 2010), (Du, 2010), (Kadelburg et al,
2011), (Khani & Pourmahdian, 2011) give a positive answer to Question
1.1 that arises in (Lin et al, 2015).

Proposition 1.4. The claims from (Lin, 2015) are the immediate
consequences of the corresponding results in the framework of cone
metric spaces over normal solid cones, see (Huang & Zhang, 2007),
(Jankovi¢ et al, 2011), (Kadelburg et al, 2011), (Simi¢, 2011).

Proposition 1.5. If C is a solid cone in some ordered topological
vector space E, then it is a normal solid cone under a suitable defined
norm. For all details see (Deimling, 1985, Proposition 19.9).

Remark 1.6. It is worth pointing out that in (Du, 2010), (Fierro, 2016),
(Kadelburg et al, 2016), (Lin et al, 2015) and (Simi¢, 2011) the assumption:

C,C) is an ordered normed space with the normal-solid

e
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(E,C) is Hausdorff, is superfluous. Applying Corollary 1.2 (c) we conclude
that the condition intC # ¢ implies that the ordered topological vector
space (EC) is Hausdorff.

In the theory of abstract metric spaces, quite a few proofs are based
on c-sequences introduced in (Alnafei et al, 2011). Namely, for a sequence

{xn} in the solid cone C of a real ordered topological vector space E , we
say that it is a c-sequence if for every interior point ¢ of the cone C there
exists n, eN such that x, <<c¢ whenever n2>n,. If Cis normal

in E, then {xn} is a c-sequence if and only if x, - @ in E. However, if

the cone C is a non-normal solid cone, then the previous is not true, i.e.,
a c-sequence does not always converge to ¢ as n — «. We refer the
readers to (Radenovi¢ et al, 2017), (Xu & Radenovi¢, 2014), (Xu et al,
2016), (Pordevi¢ et al, 2011) and (Kadelburg et al, 2011) for more details
on c-sequences.

Theorem 1.7. Let (E,

the underlying solid cone C and {xn} be a sequence in C. Then {xn} is a

) be an ordered (real) Banach space with

c-sequence if and only if ||Xn||f—> 0 as n— o where

HxHe =inf{A>0:xe A-e,ele eintC},

i.e., ||||e is the Minkowski functional.

Proof. First, ||||e isanormin E. If C is a normal solid cone, then this

H I,
norm is equivalent to the given one, and x, — @ ifand only if x, >6.

If C is not normal, then C is a normal and solid cone under the norm
||~||efor each eecintC. Since |||| and ||||e give the same interior points, then
by the first case {xn} is a c-sequence if and only if ||Xn||—> 0.
Consequently, in each normal cone, the conditions x, — @ and {xn} isa
c-sequence are equivalent.

Conclusion

Note that we have actually proved that there exist cone metric spaces
over normal solid cones or over normal non-solid cones. Therefore, the

<>



results obtained in (Lin et al, 2015) are not new but rather the
consequences of known facts (Huang & Zhang, 2007), (Jankovi¢ et al,
2011), (Kadelburg et al, 2011) and (Simi¢, 2011). We can conclude that
the existence of ordered topological vector spaces with a non-normal non-
solid cone is still an open question.
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HEKOTOPbLIE KPUTUYECKME 3AMEYAHVA O PABOTE
«3AMETKM O METPU3YEMOCTW TBIMN-KOHNYECKNX
MPOCTPAHCTB»

Cysana M. Anekcuw?, flunisina P. MayHosud®, Cmosit H. PapeHosny®,

®paHyecka BeTpo'

@ Yuueepcuter B r. Kparyesau, EcTecTBeHHO-MaTeMaTUyeckunii akynbTeT,
VHCTUTYT MaTemaTtukum n uHcpopmaTukm, r. Kparyeeau, Pecnybnvka Cepbus,

6 YHusepcuteT B NpuwtnHe—Kocosckon Mutposuue, Negarornyeckui
dakynbTeT B NpunspeHe—-Jlenocasuye, r. llenocasuy, Pecnybnuka Cepbus,

® Benrpafckuin yHusepcuteT, MalmHocTpouTernbHbIi dakynsTeT, r. Benrpaa,
Pecny6nuka Cepbus,

" YHusepcuTeT B I. Manepmo, [enapTameHT sHepreTuk1, MHOPMALIMOHHOMO
VHXWUHUPUHIA 1 MaTeMaTMynyeckoro MoaenupoBanus, r. lNManepmo,
WtanbsaHckaa Pecnybnuka

OBJIACTb: maTemaTuka
BWO CTATbW: opuruHansHas Hay4Has ctaTbs
A3bIK CTATbW, aHrnuinckui

Pe3some:

B npedcmaeneHHblx, 8 0OaHHOU cmambe, 3amemkax rpueedeH
nodpobHelli  0630p Memodos8 U  OfyYEeHHbIX  pe3yrbmamos
uccnedosaHusi epynrbl asmopos, 8o anase ¢ Lol fluHb (Lin et al,
2015, pp.271-279). Mbi 6 ceoto o4epedb Oo0Ka3bigaeM, HmMoO UX
pes3ynbmambl He S6/II0mcs UHHOBaUUOHHbIMU. B yacmHnocmu, npu
rpumMeHeHuUU useecmHbix pesyrnbmamos K. JelimnuHea ycmaHo8eHo,
ymo TBIll-koHu4Ye4Yeckue MempudecKkue rnpocmpaHcmea ¢ KoHycamu ¢
HerycmoU 8HYMPEeHHOCMbIO hakmuyecKu A8/sStomcs Mempu4yecKuMu
fpocmpaHcmeamMu C  HOPMalslbHOU  KOHuU4Yeckol U Herycmou
8HYMPEHHOCMbIO. CriedosameribHO, cyuiecmsyom moJsibKo
KOHUYeckue Mempuyeckue [pocmpaHcmea C  HOpMasbHbIMU
KOHycamu, 8HYMPEHHOCMb KOMOPbIX Herycma ufu KOHycamu,
KOmMOopbie HOpMallbHbl, HO C ycmol 8HympeHHoCcMbHo. [Jo cux rnop He
yCmaHoesrieHo  yrnopss0oYeHHOe  MmOrosio2u4ecKoe  8EKMOpPHOoe
MPOCMaHCme0 C KOHYCOM, KOMOPbIU He S8/15emcs HOpMarsibHbIM, a
8HYMPEHHOCMb KOMOPOo20 He rycma.

Knoyesble crioga: mer-KOHUYECKOe MempuyecKkoe npocmpaHcmaso,
Mempu3yeMocmb, KOHYC C Herycmol 86HympeHHOCMbI, HOpMaribHbIU,
HeHopMarsibHbIL.

HEKE KPUTUYKE HAMNMOMEHE O PALY ,BEJIELLKA O
METPU3ABUNHOCTW TBIM-KOHYCHUX METPUYKNX MPOCTOPA”

Cysara M. Anekcuh?®, /burbaHa P. I'IayHOBVlh6, Cmojax H. PageHosuh®,
®paHyecka BeTpo'
@ YuusepauteT y KparyjesLy, MNpupoaHo-MatemMatuyku dpakynTer,

WHcTutyT 3a MatemaTuky n nHcdopmaTuky, Kparyjesau, Penybnuka Cpbuja,
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6 YHuBep3anteT y MNMpuwtuHn — Kocosckoj MuTpoBuum, YunTterscku pakyntet
y MNpuspeny — Jlenocaeuhy, Jlenocasuh, Penybnuka Cpbuja

® YHusepauteT y Beorpaay, MatumHckn dakynteT, Beorpag,
Peny6nuka Cpbuja

" Yuusepautet y Manepmy, Ofcek 3a eHepreTuky, MHPOPMaLMOHO
MHXEHEepPCTBO U MaTemaTtunyke mogene, MNanepmo, Utanmja

OBJIACT: matematuka
BPCTA UJTAHKA. opyrnHanHu Hay4Hu YnaHak
JESNK YJTAHKA: eHrnecku

Caxemak:

Oea kpamka u npeanedHa bGernewka Oaje OemasbaH u3gewimaj o
npucmyny u pesynmamuma 00 Kojux cy downu Loy fluH u epyna
aymopa (Lin et al, 2015, pp.271-279). Y ynaHKy je nokazaHo 0a H-UX08U
pesynmamu HUCy Hapodyumo Uu3HeHalyjyhu u Hoeu. Y cmeapu,
Kopuwherwem jedHoz rmnosHamoz K. [emnuHeogoe pesynmama
HasHa4yeHo je 0a Cy meri-KOHYCHU MempuYKU MPOCmopu ca KOHycuma
Koju umajy HenpasHy yHympaWwHO0Ccm 3anpaso KOHYCHU MempuyKu
fpocmopu ca HOPMasIHUM KOHycUMa U HerpasHuM yHympawHocmuma.
Cmoza, nocmoje camMoO KOHYCHU Mempu4KU Mpocmopu ca HopMasHuMm
KOHycuMa 4uja yHympaluH0Cm Huje rpasHa unu ca KoHycuma Koju cy
HOpMarsHu, anu ca fpasHuM yHympauwHocmuma. Jow yeek ce He 3Ha 0a
Jlu nocmoju ypefheH moroiowKU 8eKMOPCKU MPOCIMOpP ca KOHYCOM Koju
Huje HopMarnaH U Huja yHympalH0cm Huje ripasHa.

Krby4dHe peyu: mern-KOHYyCcHU Mempudyku rpocmop, Mempu3abunaH,
KOHYC ca Hernpa3HoM yHympauwrolwhy, HopMasaH, Huje HopMarsiaH.
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