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The sta tis ti cal de scrip tion of the pro cess of di rect nu cleon ejec tion is the sub ject of this pa per.
This de scrip tion is based on the gen er al ized Fokker-Planck-Kolmogorov equa tion. The ba sic
pro posal is this: de ter min is tic equa tions and their so lu tions have the mean val ues of the sto -
chas tic model of the ab la tion prob lem. The prob lem of de for ma tion of the phase tran si tion
front is con sid ered. The study is car ried out by us ing the in tro duced sta bil ity po si tion for the
dis per sion of so lu tions for mean val ues. The re sult of the study is the con clu sion that the in -
flu ence of the Markov dif fu sion co ef fi cient leads to dis tor tion of the orig i nal shape of the
bound ary phase tran si tion front. The ef fect of the ini tial as pi ra tion to re sist chang ing the
shape of the phase tran si tion front was found.
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IN TRO DUC TION

The prob lem of ab la tion has many prac ti cal im -
ple men ta tions [1, 2]. One of them is the ap pli ca tion to
the di rect ejec tion pro cess, based on the in ter ac tion of
high en ergy par ti cles whose as so ci ated wave lengths
are smaller than the nu cleus so they in ter re late di rectly
with the nu cle ons. Be sides nu clear phys ics, there are
also ap pli ca tions in other ar eas. Firstly, it is the pro cess 
of trans fer ring the sub stance from the sur face of a solid 
body un der the ac tion of ra di a tion and the hot gas flow. 
Sec ondly, it is the re duc tion of the gla cial mass or
snow cover as a re sult of melt ing and evap o ra tion, de -
pend ing largely on cli ma tic fac tors. Thirdly, it is the re -
moval (evap o ra tion) of a sub stance from the sur face
un der the ac tion of la ser ra di a tion. The de scrip tion of
the ab la tion has the type of Stefan prob lem of ther mal
con duc tiv ity dur ing phase trans for ma tions [3].

It is pro posed here to con sider such a prob lem in
a sto chas tic view. In this di rec tion, the first re sults are
pre sented in pub li ca tions [4-7]. The ba sic prop o si tion
is the fol low ing: de ter min is tic equa tions and their so -
lu tions are the mean val ues of a sto chas tic model. The
main at ten tion, which was ded i cated to Stefan prob -
lem [8], was made to ex plain the mech a nisms of the
ap pear ance of in sta bil ity of the shape of change of the
phase tran si tion front.

Based on the gen er al ized equa tion of
Fokker-Planck-Kolmogorov (FPK) for the prob a bil ity 
den sity (PD) [9], the equa tion for tem per a ture dis per -
sion was de rived and con di tions of sta bil ity by dis per -
sion were in tro duced. Let us start by spec i fy ing the
def i ni tions of sta bil ity in the sto chas tic sense by dis -
per sion of the so lu tion of the prob lem for the mean
value [9].

Def i ni tion 1. We call the so lu tion of a me -
dium-value prob lem sta ble in the sto chas tic sense by
dis per sion, if for any e > 0  is pos si ble to choose such
d(e) > 0 that for the ini tial value of the dis per sion 
DT0

< d e( ) dis per sion DT (t) for all t > t0 sat is fied in -
equal i ties DT (t) < e.

Def i ni tion 2. We call the so lu tion of the prob lem
for the mean value as ymp tot i cally sta ble in the sto -
chas tic sense by dis per sion, if for the ini tial value of
the dis per sion DT0

< d e( ), where   the dis per sion DT (t)
sat is fies the con di tion lim ( )

t
D t G

®+
= = < +

4
4const  . 

For DT0
0=   and  G = 0, the so lu tion will be called 

ab so lutely sta ble in the sto chas tic sense by dis per sion.
Note that for Markov zero dif fu sion co ef fi cient, sta bil -
ity con di tions in the sto chas tic sense turn to the clas si -
cal Lyapunov sta bil ity con di tions [10].

As a re sult of the re search of the clas si cal Stefan
prob lem [8], strange dis per sion be hav ior was iden ti -
fied at the ini tial mo ment. The es sence of the ef fect is
the fol low ing: the reg u lar com po nent of the dis per sion 
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from its ini tial value de creases its ini tial value to some
mo ment of time tmin and reaches a min i mum. This
means that at this time in ter val there is a re sis tance to
the change of shape of the phase tran si tion front. Af ter
a cer tain mo ment tmin this re sis tance weak ens, the dis -
per sion starts to grow and the phase of ac tive de for ma -
tion of the shape of the phase tran si tion front be gins.
This seem ingly small ef fect, due to the low ness of the
co ef fi cient of Markov's dif fu sion and time, can be im -
por tant for fine tech no log i cal pro cesses, when dur ing
the pro cess it is re quired to pre serve lon ger the orig i nal 
flat form, or raised crys tal, or a flat shape of a solid
body, with other ther mal ac tion, which does not have
to pos sess the char ac ter of phase trans for ma tions, for
ex am ple, when nano coat ings are ap plied.

Know ing the dis per sion change in time, it is nec -
es sary to run the tech no log i cal pro cess grad u ally start -
ing from t = 0 to tmin, then it is nec es sary to stop, and
start again and pe ri od i cally re peat this pro ce dure
many times. This will level out un nec es sary ran dom
ef fects that con trib ute to the de for ma tion of a flat
shape of a solid body sub ject, to ex ter nal and in ter nal
ac ci den tal in flu ences.

THE DER I VA TION OF THE GEN ER AL IZED
FOKKER-PLANCK-KOLMOGOROV
EQUA TION

Why did we have to de rive the equa tion for the
prob a bil ity den sity, which we called a gen er al ized? The
fact is that the clas si cal equa tion in cludes only a time
co or di nate and there are no spa tial co-or di nates. If the
clas si cal equa tion al lows one to ob tain only the Cauchy
prob lem for an or di nary dif fer en tial equa tion with re -
spect to the mean val ues pro posed in [5], a gen er al iza -
tion makes it pos si ble to con struct an ini tial-bound ary
value prob lem that cor re sponds to par tial dif fer en tial
equa tions. To clar ify fur ther ar gu ments, we re pro duce
the der i va tion of the gen er al ized FPK.

The ba sis for ob tain ing sto chas tic an a logues of
prob lems cor re spond ing to de ter min is tic prob lems is
the rep re sen ta tion we pro posed in [8] that the so lu tion
of the de ter min is tic prob lem com pletely co in cides
with the so lu tion of the prob lem for mean val ues. Let
us mark the prob a bil ity den sity func tion (here in af ter
PD) with P (t, x, W) . The clas si cal FPK equa tion, writ -
ten with out the term re spon si ble for the dis con ti nu ity,
has the fol low ing form
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Here, A(t, x, W) is the drift co ef fi cient, BW – the
Markov dif fu sion co ef fi cient of a ran dom phe nom e -

non, t – the time, x – a space co-or di nate, and W – the
char ac ter is tic of the ran dom field. 

We mod ify eq. (1) to de scribe the ran dom ther -
mal fields. The mean value of the tem per a ture and the
sec ond mo ment will be de noted by
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Mark the dis per sion with
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the ques tion arises as to how to set the drift co ef fi cient,
so that from the equa tion for PD one would ob tain an
equa tion for mean val ues that would co in cide with the
clas si cal heat equa tion for de ter min is tic tem per a ture?
The an swer to this ques tion can be ob tained by an an a -
lyt i cal so lu tion of the fol low ing in verse prob lem. We
rep re sent the ex pan sion of the drift co ef fi cient in the
Maclaurin se ries in or der of W

A t x t xk
k

k=

( , , ( , )W W) = a
1

4

å

It is no co in ci dence that the se ries starts with the
mem ber a1 (t, x)W, since us ing a co ef fi cient a1 (t, x),
which does not de pend on W would lead to a de ter min -
is tic Liouville phe nom e non with zero dis per sion. 

The equa tion for the mean val ues of the form
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could be ob tained from eq. (1), where a is the tem per a -
ture con duc tion co ef fi cient, if the nec es sary and suf fi -
cient con di tions are sat is fied
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In deed, by in tro duc ing A(t, x, W) in eq. (1) 
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mul ti ply ing both sides of eq. (3) by W and in te grat ing
over this vari able in in fi nite bound aries, we ob tain the
fol low ing equa tion
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We re ar range the op er a tions of in te gra tion and
dif fer en ti a tion on the left-hand side of the eq. (4), and
on the right-hand side we in te grate by parts. Then, tak -
ing into ac count the equal ity of the PD and its de riv a -
tives at in fin ity, we ob tain an equa tion for the mean
val ues, which co in cide with the clas si cal heat eq. (2).

If ini tial and bound ary con di tions of the form 
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are added to eq. (3), then we get the for mu la tion of the
prob lem for the mean val ues of the form eq. (2).

The prob lem for dis per sion at the bound ary of
the phase tran si tion has the fol low ing form
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where r is the den sity and L – the heat of phase tran si -
tion.

Equa tion (5) can be ex pressed as
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and so lu tion of prob lem (6)-(7) has a form
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IN VES TI GA TION OF THE DE FOR MA TION
OF THE PHASE TRAN SI TION FRONT

The fact that dif fer ent or i gin front shape de for -
ma tion is of ten ob served, caused by anthropogenic,

nat u ral and tech no log i cal in flu ences, is ex plained by
the ran dom char ac ter of all these phe nom ena. It has
been shown that the spe cial role in de scrip tion of these
phe nom ena is given by the dif fu sion co ef fi cient of
Markov field, which pri mar ily de ter mines the dis tor -
tion of the front.

It was es tab lished that the size of the de for ma tion
zone of the phase tran si tion front, dur ing the ab la tion, in -
creases pro por tion ally with t  [1, 2].  If the speed of the
front move ments is less than, or equal to the growth rate
of the de for ma tion zone, then it is nec es sary to speak of
the in sta bil ity of this front. It means the front it self does
not ex ist. A sim i lar pre sen ta tion is de ter mined by sta tis ti -
cal dis tri bu tion and de vel op ment dur ing the time of cen -
ters of the new phase for ma tion, which also de ter mine
the size of Markov dif fu sion co ef fi cient.

There are dif fer ent ap proaches to ex plain ing the
oc cur rence and mech a nisms of in sta bil ity of the form
of the tran si tion phase front. In most cases the de scrip -
tion of in sta bil ity is based on the study of the de ter min -
is tic causes of the de for ma tion of the phase tran si tion
bound ary. In fact, con sid er ing that there is a pos i tive
gra di ent in some part of this bound ary, a small for ward
dis place ment of a cer tain part can lead to an in crease in 
the heat flux and the speed of oc cur rence of a new
phase, there fore, so that a pro tru sion of the front takes
place on this sec tion. In this part there is a con vex ity of
the front. The cur va ture of the sur face of the phase
tran si tion is of great im por tance: the con vex sec tions
grow faster than the con cave ones.

How ever, this de ter min is tic ex pla na tion does
not take into ac count the rea sons for the ran dom dis tri -
bu tion of the cen ters of a new phase for ma tion, which
can be de scribed only within a sto chas tic model. The
in te gra tion of sto chas tic con cepts of the phase for ma -
tion ki net ics, in com bi na tion with the mod els pro -
posed here, al lows one to es ti mate, on one hand, the
dif fu sion co ef fi cient of the Markov ran dom field, and,
on the other hand, its con nec tion with the sta bil ity con -
di tions of the phase tran si tion front. From the so lu tion
(8), ac cord ing to the law of mo tion of the front in the
form of M t t

T
( ) ( )1 = a , it fol lows that the dis per sion

for d0
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We de note by Reg D (t) the value of the prod uct
of the im proper in te gral by the mean value of the law
of mo tion of the front
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where Reg D(t) is reg u lar de pend ence dis per sion of
time. 

The min i mum Reg D(t) is at tained at tmin = 1/e
and has a value
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e
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The de pend ency graph Reg D  is shown in fig. 1.
It turns out that at the ini tial mo ments of time the

dis per sion de creases and the ini tial con fig u ra tion of
the front re sists its orig i nal state.

From this con clu sion, it fol lows that  it is nec es -
sary to build a con trolled pro cess of mo tion by the
front so as to stop at the mo ment of min i mal dis per -
sion, then the orig i nal front sur face will be close to the
orig i nal one. If this is not taken into ac count, then a
strong dis tor tion will re sult, such as, for ex am ple, as
we ob serve with ici cles on roofs of build ings.

CON CLU SIONS

The ob tained re sult is im por tant and ap pli ca ble to
the pro cesses of di rect ejec tion in high en ergy phys ics.
In cases where the pro cess of move ment of the front is
im pos si ble to man age, when the phe nom e non has a nat -
u ral char ac ter that is still be yond the power of man, for
ex am ple, weather de ter mines the growth of ice bergs or
evap o ra tion from a large sur face, or the me te or ite burn -
ing in the at mo sphere (by the way, all these are Stefan's
prob lems). But, on the other hand, there are many phe -
nom ena, over which a per son has power and the re -
searcher can con trol these phe nom ena.

If you man age an ob ject so as to in flu ence im pul -
sively, for ex am ple, the dy nam ics of en ter ing sat el lites
into dense lay ers of the at mo sphere, it is pos si ble to
pre pare a low im pact to the sur face of the sat el lite
when it lands. The land ing of a con trolled space ob ject
in ac cor dance with the de sire to pre serve the shape of
the phase tran si tion front must be car ried out by grad u -
ally slow ing or grad u ally chang ing the path of the
body move ment. But these are the prob lems of the
con struc tors. Here we can only of fer to pay at ten tion to 
our pro pos als.

AC KNOWL EDG MENT 

The Min is try of Ed u ca tion, Sci ence and Tech no -
log i cal De vel op ment of the Re pub lic of Ser bia sup -
ported this work un der con tracts 174005 and 174024.

AU THORS' CON TRI BU TIONS

Both au thors have con trib uted to model anal y sis
and re sults, the o ret i cal anal y sis and lit er a ture re -
search. The manu script was pre pared and writ ten by
D. ]. Doli}anin-Djeki}.

 REF ER ENCES

[1] Kartashov, E. M., An a lyt i cal Meth ods in the The ory
of Ther mal Con duc tiv ity of Sol ids (in Rus sian),
Higher School, Mos cow, 2001

[2] Fedorov, F., Matveev, A.,  Op por tu ni ties  for Solv ing
Some En gi neer ing Prob lems of Min ing in a
Cryolitoson with the Help of the Bound ary Method
(in Rus sian), Sci ence and Ed u ca tion, 3 (2015), July,
pp. 45-49

[3] Stefan, J., Uber die Dif fu sion von Sauren und Basen
Gegeneinander," Sitzungsberichte Der Kaiserlichen
Akademie Der Wissenschaften, Mathematische-
Naturwissenschaftliche Classe, II Abtheilung, 98, pp.
616-634 

[4] Kartalovi}, N., et al., The De ter mi na tion of the Mean
Value of the Non-Ho mog e nous Back ground Ra di a -
tion  and the Mea sure ment Un cer tainty Us ing the
Welch-Satterthwaite Equa tion, Nucl Technol Radiat,
32 (2017), 4, pp. 371-374

[5] Soloviev, I. A., Doli}anin-Deki}, D. Ch., Sto chas tic
mod els, Mos cow, 2016, p. 132

[6] Soloviev, I. A., The Equa tions for Sto chas tic Fields,
State Uni ver sity of Land Use Plan ning, Mos cow,
2006

[7] Soloviev, I., et al., Sto chas tic Mod els of Heat and Nu -
clear Par ti cle Trans fer Based on Gen er al ized Equa -
tion of Fokker-Planck-Kolmogorov, Nucl Technol
Radiat, 31 (2016), 4, pp. 335-338

[8] Kartashov, E. M., Soloviev, I. A., Sto chas tic Ap -
proach to the Prob lem of Stefan, News of the Rus sian
Acad emy of Sci ences, En ergy, 5 (2017), pp.134-143

[9] Soloviev, I. A., et al., The Sto chas tic Ap proach to  Re -
search of Sta bil ity of So lu tions of Dif fer en tial Equa -
tions, State Uni ver sity of Novi Pazar, Novi Pazar, Ser -
bia, 2014

[10] Lyapunov, A. M., Col lected Works. T. 1. (in Rus sian),
Pub lish ing House of the Acad emy of Sci ences of the
USSR, Mos cow, 1954, p. 446

Re ceived on De cem ber 4, 2018
Ac cepted on De cem ber 24, 2018

I. A. Soloviev, et al.: Application of the Fokker-Planck-Kolmogorov Equa tion ...
32 Nu clear Tech nol ogy & Ra di a tion Pro tec tion: Year 2019, Vol. 34, No. 1, pp. 29-33

Fig ure 1. Dis per sion de pend ence on time, which il lus -
trates the ef fect of re sis tance to change of the phase tran -
si tion front at the ini tial mo ments of time
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PRIMENA  JEDNA^INE  FOKER-PLANK-KOLMOGOROVA  ZA
ODRE\IVAWE SREDWE  VREDNOSTI  NUKLEONA  NASTALIH

PROCESOM  DIREKTNOG  IZBIJAWA

Tema ovog rada je statisti~ki opis procesa direktnog izbijawa nukleona koji je zasnovan
na generalizovanoj Foker-Plank-Kolmogorovoj jedna~ini. Deterministi~ka jedna~ina i wena
re{ewa predstavqaju  sredwu vrednost stohasti~kog modela problema ablacije. Razmotren je prob -
lem deformacije faznog prelaza. Istra`ivawe je sprovedeno kori{}ewem uvedenog polo`aja
stabilnosti za disperziju sredwe vrednosti re{ewa i zakqu~ak je da uticaj Markovog
koeficijenta difuzije dovodi do deformacije po~etnog oblika na granici faznog prelaza.
Prona|en je efekat kojim se spre~ava mewawe oblika fronta faznog prelaza.

Kqu~ne re~i: Stefanov prob lem, direktno izbijawe, jedna~ina Foker-Plank-Kolmogorova,
..........................diferencijalna jedna~ina, front faznog prelaza


